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Abstract The electric Lorentz forces acting upon the nuclei
of a vibrating molecule cause variations of dynamical regime
and determine the intensity of the absorbed radiation. These
forces, depending on the local electric field, can be eval-
uated by frequency-dependent electric and electromagnetic
shielding and hypershielding tensors at the nuclei. A gen-
eral expression from time-dependent perturbation theory is
all that one needs to rationalize the molecular response by
predicting the effective electric field at the nuclei of a mol-
ecule perturbed by an external monochromatic wave. The
electric and electromagnetic hypershieldings are connected
with the geometrical derivatives of the frequency-dependent
dipole polarisability and of the optical rotatory power, respec-
tively. Intensities in Raman spectroscopy and in vibrational
Raman optical activity, usually interpreted in terms of these
derivatives, can also be discussed via nuclear electromagnetic
hypershieldings. Conditions for translational and rotational
invariance can be expressed via sum rules for the dynamic
hypershieldings.

1 Introduction

Two descriptions of infra-red (IR) intensities are available
within the harmonic approximation. The first one is given
in terms of the square of derivatives, with respect to normal
coordinates, of the intrinsic electric dipole moment M(0)

α of
a molecule in the electronic reference state �(0)a . The sec-
ond one emphasizes the role of the effective electric Lorentz
forces acting upon the charged nuclei and driving a change
of dynamical regime. These descriptions are equivalent, as
can be shown by applying the Hellmann-Feynman theorem
[1–4]. The Lorentz force at a given nucleus is obtained via the
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local electric field. This is the vector sum of the field of the
perturbing radiation and the field generated by the electrons
of the molecule in the presence of the perturbation.

The contributions from the electrons are evaluated via the
approach of nuclear electric shielding tensors first introduced
by Sambe [5] for diatomics, extended to polyatomics [1,2,
6–8], and to the dynamic case [9–11]. The static nuclear elec-
tric shielding is related to the geometrical derivatives of the
molecular electric dipole moment M(0)

α , i.e., the atomic polar
tensor (APT) [12–16] as shown in Refs. [1,11,17,18]. There-
fore, both approaches are viable to interpret IR intensities
either in terms of the square of the transition dipole moment,
or the square of the electric dipole shielding at the nuclei.

An analogous treatment is available for the differential
absorption of left- and right-circularly polarised light in vibra-
tional circular dichroism (VCD). In this spectroscopy, the
electric Lorentz forces at the nuclei are induced by the time-
derivative of the magnetic field, i.e., by an out-of-phase mag-
netic field, of the external radiation [19,20]. The molecular
response property used to rationalize absorption intensities
is, in this case, the nuclear electromagnetic shielding tensor
[11,19–21], recently rediscovered [22], connected with the
Stephens integral [23] and with the atomic axial tensor (AAT)
[24].

Rotational Raman intensities are proportional to the square
of the anisotropy of molecular polarisability, and vibrational
Raman intensities to the square of the transition polarisability,
i.e., the square of the geometrical derivatives of polarisabili-
ty [25,26]. The concept of static nuclear electric hypershiel-
ding has been first proposed by Fowler and Buckingham to
account for quadratic response in the external electric field.
They showed its connection with Raman intensities [2,27].
Estimates of nuclear electric hypershieldings have been re-
ported for diatomics [28,29] and for polyatomics [30] at the
Hartree-Fock level of accuracy.

Intensities in vibrational Raman optical activity (VROA)
also depend on the geometrical derivatives of the optical rota-
tory power tensor [31–34].

The present paper is aimed at: (i) generalizing the
definition of nuclear electromagnetic hypershieldings to the
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time-dependent case, (ii) connecting these quantities with
geometrical derivatives of dynamical polarisability and
optical rotatory power, and (iii) obtaining conditions for trans-
lational and rotational invariance in the form of quantum-
mechanical sum rules.

Forces acting on the nuclei of a molecule as a result of
nuclear displacements are discussed in Sect. 2. The static
nuclear electric hypershielding tensor is examined in Sect. 3.
The more general case of a dynamic perturbation is analyzed
in Sect. 4, introducing the Hellmann-Feynman geometrical
derivatives of the frequency-dependent electric dipole po-
larisability and of the optical rotatory power. Connections
with third-rank tensors, which can respectively be referred
to as dynamic electric and electromagnetic hypershielding at
the nucleus, are established. Conditions for translational and
rotational invariance are discussed in Sect. 5.

2 Forces at the nuclei of a molecule

The notation adopted in Refs. [11,35] is used. For a mole-
cule with n electrons and N nuclei, charge, mass, position,
canonical, and angular momentum of the i-th electron are
indicated by −e, me, ri , pi , li = ri × pi , i = 1, 2 . . . n.
Analogous quantities for nucleus I are Z I e, MI , RI , PI , etc.
Capital letters are used for collective electronic operators,
e.g., R̂ = ∑n

i=1 ri , P̂ = ∑n
i=1 pi , etc. Standard tensor nota-

tion is employed, e.g., εαβγ is the Levi-Civita tensor and the
Einstein convention of implicit summation over two repeated
Greek subscripts is in force. The real and imaginary parts of
a quantity are denoted by � and �, respectively.

The electronic Hamiltonian Ĥ (0) of the isolated molecule
contains a kinetic term T̂n , a nuclear–electron attraction term

V̂nN = −
N∑

I=1

n∑

i=1

Z I e2

|ri − Ri | , (1)

an electron repulsion term V̂nn , and a nuclear repulsion

VN N = 1

2

N∑

I=1

N∑

J �=I

Z I Z J e2

|RI − RJ | . (2)

The Born-Oppenheimer (BO) approximation is retained. It
is assumed that the molecule has a reference geometrical
configuration, which may or may not coincide with the equi-
librium configuration. If the nuclei are displaced by small
shifts δRI ,

RI → RI + δRI , I = 1, 2 . . . N , (3)

any function f (RI ) will undergo an active transformation
described by the corresponding translation operator

T̂I (−δRI ) = exp

(
i

h̄
δRI · P̂I

)

= exp (δRI · ∇ I ) . (4)

The translations Eq. (3) change terms of Ĥ (0) depending on
the electron–nucleus distances, e.g., in Eq. (1)

T̂I (−δRI )
1

|ri − RI | = 1

|ri − RI − δRI |
= (1 + δRI · ∇ I + · · · ) 1

|ri − RI |
= 1

|ri − RI | + (ri − RI ) · δRI

|ri − RI |3
+ · · · (5)

Analogous variations are caused by a shift of nuclear posi-
tions in Eq. (2) which describes nuclear repulsions. Defining
the global translation operator

T̂N (−δRI ) = �N
I=1T̂I (−δRI ) = exp

(
N∑

I=1

δRI · ∇ I

)

, (6)

we obtain a Taylor series for the unperturbed potential

exp

(
N∑

I=1

δRI · ∇ I

)
(

V̂nN + VN N

)

→
(

V̂nN + VN N

)
−

(
N∑

I=1

F̂n
I +

N∑

I=1

FN−I
I

)

· δRI + · · · ,

(7)

where the operator for the force of n electrons on nucleus I

F̂n
I = Z I e Ên

I , (8)

is related to the electric field of the electrons on that nucleus

Ên
I = e

n∑

i=1

ri − RI

|ri − RI |3 . (9)

The force of the other nuclei on nucleus I is

FN−I
I = Z I e

N∑

K �=I

Z K e
RI − RK

|RI − RK |3 . (10)

In the presence of an external electric field E the Lorentz
force on nucleus I is

FE
I = Z I eE. (11)

3 Hellmann-Feynman forces and static nuclear
shieldings

The energy of a molecule in a static electric field is written
as a Taylor series [36]

W = W (0) − M(0)
α Eα − 1

2
ααβEαEβ

−1

6
βαβγ EαEβEγ + · · · , (12)

where tensors of increasing rank denote intrinsic response
properties, namely the permanent electric dipole M(0)

α , the
electric polarisability ααβ , and hyperpolarisability βαβγ .
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On account of Eqs. (7) – (11), the molecular Hamiltonian
is given as a perturbation expansion in the vicinity of the
reference geometry

Ĥ({RI },E) = T̂n + V̂nN + V̂nn + VN N

−
N∑

I=1

F̂n
I · δRI −

N∑

I=1

FN−I
I · δRI

−
N∑

I=1

Z I eE · RI − µ̂ · E (13)

with

μ̂α = −eR̂α, (14)

the electronic operator for the electric dipole. The first-order
electronic interaction is written as

ĤE = −μ̂αEα. (15)

If the Hellmann-Feynman theorem is satisfied, the aver-
age total force on nucleus I in the absence of external fields
becomes the sum of an attractive electronic term and a simple
classical repulsion term due to the remaining N − I nuclei,
e.g., for the reference electronic state |a〉 (usually the ground
state)

−∇ I W (0)
a =

〈
a

∣
∣
∣F̂n

I

∣
∣
∣ a

〉
+ FN−I

I . (16)

This quantity vanishes identically for an equilibrium state.
However, the derivative ∇ I W (0)

j will be different from zero,
in general, for the | j〉 excited eigenstate. For the sake of gen-
erality, we will assume that |a〉 is no equilibrium state.

The operator for the total force on nucleus I in the pres-
ence of the external field E is obtained from the Hamiltonian

−∂ Ĥ({RI },E)
∂RIγ

= F̂n
Iγ + F N−I

Iγ + Z I eEγ . (17)

The expectation value for the total average force is

−
〈
∂ Ĥ({RI },E)

∂RIγ

〉

=
〈
�(0)a +�Eδ

a Eδ +�EδEε
a EδEε

×
∣
∣
∣F̂n

Iγ + F N−I
Iγ + Z I eEγ

∣
∣
∣

×�(0)a +�
Eη
a Eη +�

EηEθ
a EηEθ

〉
, (18)

where the first- and second-order functions, respectively

∣
∣
∣�Eα

a

〉
= 1

h̄

∑

j �=a

ω−1
ja | j〉〈 j |μ̂α|a〉, (19)

and∣
∣
∣ψ

EαEβ
a

〉

= 1

h̄2

⎛

⎝
∑

j �=a

∑

k �=a

ω−1
ja ω

−1
ka | j〉 〈

j
∣
∣μ̂α

∣
∣ k

〉 〈
k

∣
∣μ̂β

∣
∣ a

〉

− 〈
a

∣
∣μ̂α

∣
∣ a

〉 ∑

j �=a

ω−2
ja | j〉 〈

j
∣
∣μ̂β

∣
∣ a

〉

−1

2
|a〉

∑

j �=a

ω−2
ja

〈
a

∣
∣μ̂α

∣
∣ j

〉 〈
j
∣
∣μ̂β

∣
∣ a

〉
⎞

⎠ , (20)

are determined by the Rayleigh-Schrödinger perturbation the-
ory [35]. The natural transition frequencies are defined by
ω ja = (W (0)

j − W (0)
a )/h̄.

The static electric shielding and hypershielding tensors
are obtained from the Hellmann-Feynman theorem [1,2,5–
7,17,35], e.g., using Eqs. (12) and (18)

− ∂3W

∂RIγ ∂Eα∂Eβ

∣
∣
∣
∣
E→0

= ∂

∂RIγ
ααβ

= ∂2

∂Eα∂Eβ

〈

−∂ Ĥ({RI },E)
∂RIγ

〉

= Z I e φ I
γ,αβ (21)

where

φ I
α,βγ = S(Ên

Iα, μ̂β, μ̂γ )
1

h̄2

∑

j �=a

∑

k �=a

ω−1
ja ω

−1
ka

×
〈
a

∣
∣
∣Ên

Iα

∣
∣
∣ j

〉 〈
j
∣
∣
∣μ̂β

∣
∣
∣ k

〉 〈
k

∣
∣μ̂γ

∣
∣ a

〉
(22)

is the static electric hypershielding [2,17,35] at nucleus I .
The symbol S(. . . ) implies a summation of all the terms in
which the operators within the brackets are permuted. Barred
fluctuation operators are defined via

Â ≡ Â −
〈
a

∣
∣
∣ Â

∣
∣
∣ a

〉
. (23)

Equation (21) explicitly connects nuclear electric hypersh-
ieldings to geometrical derivatives of electric polarisability.
The electronic eigenstates
∣
∣
∣�

(0)
j

〉
≡ | j〉

and the energy eigenvalues, W (0)
j , are obtained by solving the

eigenvalue problem for Ĥ (0) within the BO approximation.

4 The dynamic electric field induced at a nucleus

The electric dipole induced in the electron cloud by an imping-
ing electromagnetic field with pulsation ω is [11,36]

�
〈
μ̂α(t)

〉 = ααβEβ(0, t)+ 1

2
βαβγ Eβ(0, t)Eγ (0, t)

+1

6
γαβγ δEβ(0, t)Eγ (0, t)Eδ(0, t)+ · · ·

+κ ′
αβ Ḃβ(0, t)ω−1 + · · · , (24)
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where Eα(0, t) and Bα(0, t) are the electric and magnetic
fields at the origin of the coordinate system and a dot denotes
partial derivative with respect to time.

Adopting the notation proposed by Orr and Ward [37]
and Bishop [38] (OWB), the dynamic polarisability in the a
reference state is written as

ααβ (−ωσ ;ω1) = 1

h̄

∑

P

∑

j �=a

〈
a

∣
∣μ̂α

∣
∣ j

〉 〈
j
∣
∣μ̂β

∣
∣ a

〉

ω ja − ωσ
, (25)

where
∑

P means the sum over permutations of the pairs(
μ̂α/− ωσ

)
and

(
μ̂β/ω1

)
, and ωσ = ω1 ≡ ω.

Denoting by m̂α = −(e/2mec)L̂α the magnetic dipole
operator, the analogous relationship for the optical rotatory
power is [35,36]

κ ′
αβ (−ωσ ;ω1) = i

h̄

∑

P

∑

j �=a

〈
a

∣
∣μ̂α

∣
∣ j

〉 〈
j
∣
∣m̂β

∣
∣ a

〉

ω ja − ωσ
,

(
μ̂α/− ωσ

) ↔ (
m̂β/ω1

)
(26)

and ωσ = ω1 ≡ ω. Tensor (26) is related by

κ ′
αβ = ω κ̂αβ (27)

to that defined in Refs. [11,34,35].
The third- and fourth-rank electric hyperpolarisabilities

in the OWB notation [37,38] are

βαβγ (−ωσ ;ω1, ω2)

= 1

h̄2

∑

P

∑

j,k�=a

〈
a

∣
∣μ̂α

∣
∣ j

〉 〈
j
∣
∣
∣μ̂γ

∣
∣
∣ k

〉 〈
k

∣
∣μ̂β

∣
∣ a

〉

(
ω ja − ωσ

)
(ωka −ω1)

, (28)

γαβγ δ (−ωσ ;ω1, ω2, ω3)

= 1

h̄3

∑

P

⎡

⎣
∑

j,k,l �=a

〈
a

∣
∣μ̂α

∣
∣ j

〉 〈
j
∣
∣
∣μ̂δ

∣
∣
∣ k

〉 〈
k

∣
∣
∣μ̂γ

∣
∣
∣ l

〉 〈
l
∣
∣μ̂β

∣
∣ a

〉

(
ω ja − ωσ

)
(ωka − ω1−ω2) (ωla − ω1)

−
∑

j,k �=a

〈
a

∣
∣μ̂α

∣
∣ j

〉 〈
j
∣
∣μ̂δ

∣
∣ a

〉 〈
a

∣
∣μ̂γ

∣
∣ k

〉 〈
k

∣
∣μ̂β

∣
∣ a

〉

(
ω ja −ωσ

)
(ωka −ω1) (ωka +ω2)

⎤

⎦ ,

(29)

where ωσ = ω1 + ω2 + ω3 and
∑

P means the sum over all
permutations of the pairs

(
μ̂α/− ωσ

)
,
(
μ̂β/ω1

)
,
(
μ̂γ /ω2

)
,(

μ̂δ/ω3
)
.

The expression for the expectation value of the oscillat-
ing electric field induced at the position of nucleus I by the n
electrons in the presence of the external electromagnetic field
is obtained by time-dependent perturbation theory [34,37,
39–41]

�
〈
Ên

Iα(t)
〉
= −γ I

αβEβ(0, t)

+1

2
φ I
α,βγ Eβ(0, t)Eγ (0, t)+ · · ·

+ξ ′I
αβ Ḃβ(0, t)ω−1

+ψ ′I
α,βγ Eβ(0, t)Ḃγ (0, t)ω−1 + · · ·

+1

2
ρ I
α,βγ Bβ(0, t)Bγ (0, t)+ · · · , (30)

with γ I
αβ and ξ ′I

αβ the electric and electromagnetic shieldings
defined in previous papers [34,35].

The third-rank hypershieldings at nucleus I are expressed,
within the quadratic response scheme [41], by

φ I
α,βγ =

〈〈
Ên

Iα; μ̂β, μ̂γ
〉〉

ω1,ω2
, (31)

ψ ′I
α,βγ = −�

〈〈
Ên

Iα; μ̂β, m̂γ

〉〉

ω1,ω2
, (32)

assuming that a homogeneous electromagnetic field of fre-
quency ω1 and one of frequency ω2 are applied to the
molecular system. The electric hypershielding accounting for
quadratic response to the external magnetic field is the sum
of paramagnetic and diamagnetic contributions

ρ I
α,βγ = ρ

I p
α,βγ + ρ I d

α,βγ , (33)

ρ
I p
α,βγ =

〈〈
Ên

Iα; m̂β, m̂γ

〉〉

ω1,ω2
, (34)

ρ I d
α,βγ = −

〈〈
Ên

Iα; χ̂d
βγ

〉〉

ω
, (35)

where the operator for the diamagnetic contribution is

χ̂d
αβ = − e2

4mec2

n∑

i=1

(
r2
ν δαβ − rαrβ

)
i . (36)

The third-rank nuclear electric hypershielding in the OWB
notation [37,38] becomes

φ I
α,βγ (−ωσ ;ω1, ω2)

= 1

h̄2

∑

P

∑

j,k �=a

〈
a

∣
∣
∣Ên

Iα

∣
∣
∣ j

〉 〈
j
∣
∣
∣μ̂γ

∣
∣
∣ k

〉 〈
k

∣
∣μ̂β

∣
∣ a

〉

(
ω ja − ωσ

)
(ωka − ω1)

, (37)

where ωσ = ω1 + ω2 and
∑

P means the sum over all per-

mutations of the pairs
(

Ên
Iα/− ωσ

)
,
(
μ̂β/ω1

)
,
(
μ̂γ /ω2

)
.

The third-rank nuclear electromagnetic hypershielding is
written as

ψ ′I
α,βγ (−ωσ ;ω1, ω2)

= − 1

h̄2

∑

P

∑

j,k �=a

�
(〈

a
∣
∣
∣Ên

Iα

∣
∣
∣ j

〉 〈
j
∣
∣
∣m̂γ

∣
∣
∣ k

〉 〈
k

∣
∣μ̂β

∣
∣ a

〉)

(
ω ja − ωσ

)
(ωka − ω1)

,

(38)

where ωσ = ω1 + ω2 and
∑

P means the sum over all per-

mutations of the pairs
(

Ên
Iα/− ωσ

)
,
(
μ̂β/ω1

)
,
(
m̂γ /ω2

)
.
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The ′ index is used in definitions (30), (32), and (38) for
consistency with the Buckingham notation [36] for κ ′

αβ in
(26) and (27).

The hypershieldings (34) and (35) in the OWB notation
[37,38] become

ρ
I p
α,βγ (−ωσ ;ω1, ω2)

= 1

h̄2

∑

P

∑

j,k �=a

〈
a

∣
∣
∣Ên

Iα

∣
∣
∣ j

〉 〈
j
∣
∣
∣m̂γ

∣
∣
∣ k

〉 〈
k

∣
∣m̂β

∣
∣ a

〉

(
ω ja − ωσ

)
(ωka − ω1)

, (39)

where ωσ = ω1 + ω2 and
∑

P means the sum over all per-

mutations of the pairs
(

Ên
Iα/− ωσ

)
,
(
m̂β/ω1

)
,
(
m̂γ /ω2

)
,

and

ρ I d
αβ (−ωσ ;ω1) = 1

h̄

∑

P

∑

j �=a

〈
a

∣
∣
∣Ên

Iα

∣
∣
∣ j

〉 〈
j
∣
∣
∣χ̂d
βγ

∣
∣
∣ a

〉

ω ja − ωσ
, (40)

with
(

Ên
Iα/− ωσ

)
↔

(
χ̂d
βγ /ω1

)
and ωσ = ω1 ≡ ω.

5 Rototranslational sum rules for the geometrical
derivatives of static and frequency-dependent properties

An arbitrary second-order electronic property is expressed as
an algebraic sum of terms having the general form

F = f
(
ω ja

) 〈
a

∣
∣
∣ Â

∣
∣
∣ j

〉 〈
j
∣
∣
∣B̂

∣
∣
∣ a

〉
, (41)

where, by hypothesis, the operators Â and B̂ do not depend
on nuclear coordinates. Thus the Hellmann-Feynman deriv-
ative of any (static or dynamic) second-order property will
contain terms of the form [42]

∇IαF =
〈
a| Â| j

〉 〈
j |B̂|a

〉
∇Iα f

(
ω ja

)

+ f
(
ω ja

) (〈
∇Iαa| Â| j

〉 〈
j |B̂|a

〉

+
〈
a| Â| j

〉 〈
j |B̂|∇Iαa

〉

+
〈
a| Â|∇Iα j

〉 〈
j |B̂|a

〉

+
〈
a| Â| j

〉 〈
∇Iα j |B̂|a

〉)
. (42)

This result has been used to obtain the derivatives of
the dynamic polarisability and of the optical rotatory power,
showing that they are related respectively to the electric and
electromagnetic hypershieldings [34] by expressions that gen-
eralize Eq. (21)

∇Iγ ααβ (−ω;ω) = Z I eφ I
γ,αβ(0;−ω,ω), (43)

∇Iγ κ
′
αβ (−ω;ω) = Z I eψ ′I

γ,αβ(0;−ω,ω). (44)

These relationships are established via the Hellmann-Feyn-
man theorem from Eqs. (24) and (30).

The geometrical derivative of f
(
ω ja

)
is

∇Iα f
(
ω ja

) = ∂ f

∂ω ja
∇Iαω ja, (45)

with

∇Iαω ja = 1

h̄
∇Iα

(〈
j
∣
∣
∣Ĥ (0)

∣
∣
∣ j

〉
−

〈
a

∣
∣
∣Ĥ (0)

∣
∣
∣ a

〉)

= 2

h̄
�

(〈
∇Iα j

∣
∣
∣Ĥ (0)

∣
∣
∣ j

〉
−

〈
∇Iαa

∣
∣
∣Ĥ (0)

∣
∣
∣ a

〉)

+ 1

h̄

(〈
a

∣
∣
∣F̂n

I

∣
∣
∣ a

〉
−

〈
j
∣
∣
∣F̂n

I

∣
∣
∣ j

〉)
. (46)

The gradient of the electronic wavefunctions with respect to
nuclear displacements is obtained by the Rayleigh-Schrödinger
perturbation theory, using Eqs. (7) and (13) for the first-order
perturbed Hamiltonian [43]

|∇ I a〉 = 1

h̄

∑

j �=a

| j〉
〈

j
∣
∣
∣F̂n

I

∣
∣
∣ a

〉
ω−1

ja , (47)

|∇ I j〉 = 1

h̄

∑

k �= j

|k〉
〈
k

∣
∣
∣F̂n

I

∣
∣
∣ j

〉
ω−1

k j . (48)

On account of Eqs. (47) and (48), the first line in the second
equality in Eq. (46) vanishes. The second line also vanishes if
|a〉 and | j〉 are both equilibrium states with the same nuclear
geometry, see Eq. (16). However,

N∑

I=1

∇Iαω ja = 0 (49)

for any state, equilibrium or not, if the hypervirial theorem
for the momentum operator, i.e. the force theorem [44]
〈
a

∣
∣
∣F̂ N

nα

∣
∣
∣ a

〉
= 0 =

〈
j
∣
∣
∣F̂ N

nα

∣
∣
∣ j

〉
, (50)

is fulfilled. The operator for the total force exerted by the
nuclei on the electrons is obtained via Eq. (8):

F̂N
n = −F̂n

N = −
N∑

I=1

F̂n
I . (51)

Then the first line in Eq. (42) will not contribute to the ro-
totranslational sum rules for the geometrical derivatives of
second- and higher-order response properties. Using the hy-
pervirial relation [35,44]

i
〈
a

∣
∣
∣P̂α

∣
∣
∣ j

〉
= −ω−1

ja

〈
a

∣
∣
∣F̂ N

nα

∣
∣
∣ j

〉
(52)

and the fact that the diagonal elements of pure imaginary
Hermitian operators vanish, we find
∣
∣
∣
∣
∣

N∑

I=1

∇Iαa

〉

= − i

h̄

∣
∣
∣P̂αa

〉
. (53)

Then, summing over I , one obtains
N∑

I=1

∇IαF = i

h̄
f
(
ω ja

) {〈
a

∣
∣
∣
[

P̂α, Â
]∣
∣
∣ j

〉 〈
j
∣
∣
∣B̂

∣
∣
∣ a

〉

+
〈
a

∣
∣
∣ Â

∣
∣
∣ j

〉 〈
j
∣
∣
∣
[

P̂α, B̂
]∣
∣
∣ a

〉}
(54)
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from the second and third lines of Eq. (42). Accordingly, the
condition for translational invariance of an arbitrary second-
order property is obtained by specifying Â and B̂.

For instance, let us evaluate the translational sum rules
for the geometrical derivatives of the dynamic polarizability
(25) and of the optical rotatory power tensor (26). A straight-
forward application of Eq. (54) gives:

N∑

I=1

∇Iααβγ = 0, (55)

N∑

I=1

∇Iακ
′
βγ = 1

2c
ω εαγ δ αβδ. (56)

If tensor (26) in the dipole length–angular momentum gauge
is used on the l.h.s., the dynamic polarisability in the mixed
length–velocity gauge appears on the r.h.s. of Eq. (56). Its
definition is given in propagator [41] and OWB [37,38] nota-
tions

α
(R P)
αβ = − ie

me
ω−1

〈〈
μ̂α; P̂β

〉〉

ω
, (57)

α
(R P)
αβ (−ωσ ;ω1) = ie

meh̄

∑

P

∑

j �=a

〈
a

∣
∣μ̂α

∣
∣ j

〉 〈
j
∣
∣
∣P̂β

∣
∣
∣ a

〉

(
ω ja − ωσ

)
ωσ

, (58)

where
∑

P indicates the sum over permutations of the pairs
(
μ̂α/− ωσ

) ↔
(
−P̂β/ω1

)
and ωσ = ω1 ≡ ω. If the off-

diagonal momentum theorem is satisfied [35,44], this quan-
tity is the same as the dipole-length polarisability defined in
Eq. (25) as

ααβ ≡ α
(R P)
αβ = α

(R R)
αβ = − 〈〈

μ̂α; μ̂β
〉〉
ω
. (59)

According to Eq. (56), the trace κ ′
αα , related to experimental

quantities, is translationally invariant.
Let us now obtain an expression for the rotational sum

rule. From Eq. (47) one finds
∣
∣εαβγ RIβ∇Iγ a

〉 = − 1

h̄

∑

j �=a

| j〉
〈

j
∣
∣
∣K̂ I

nα

∣
∣
∣ a

〉
ω−1

ja , (60)

where

K̂ I
nα = εαβγ RIβ F̂ I

nγ (61)

is the torque exerted by nucleus I on the n electrons. Denoting
by

K̂ N
nα =

N∑

I=1

K̂ I
nα (62)

the torque of the N nuclei on the electrons and using the
hypervirial sum rule
〈

j
∣
∣
∣K̂ N

nα

∣
∣
∣ a

〉
= iω ja

〈
j
∣
∣
∣L̂α

∣
∣
∣ a

〉
, (63)

one finds
∣
∣
∣
∣
∣

N∑

I=1

εαβγ RIβ∇Iγ a

〉

= − i

h̄

∣
∣
∣L̂αa

〉
. (64)

Then Eq. (42) gives

N∑

I=1

εαβγ RIβ∇Iγ F = i

h̄
f
(
ω ja

) {〈
a

∣
∣
∣
[

L̂α, Â
]∣
∣
∣ j

〉 〈
j
∣
∣
∣B̂

∣
∣
∣ a

〉

+
〈
a

∣
∣
∣ Â

∣
∣
∣ j

〉 〈
j
∣
∣
∣
[

L̂α, B̂
]∣
∣
∣ a

〉}
. (65)

This relationship can be used to determine the rotational sum
rules for geometrical derivatives of static and dynamic sec-
ond-order properties by specifying the function f

(
ω ja

)
, e.g.,

for dipole electric polarisabilities and for optical rotatory
power

N∑

I=1

εαβγ RIβ∇Iγ αδε = εαβδαβε + εαβεαδβ, (66)

N∑

I=1

εαβγ RIβ∇Iγ κ
′
δε = εαβδκ

′
βε + εαβεκ

′
δβ . (67)

The rototranslational sum rules for the second-rank mag-
netisability

χαβ = χ
p
αβ + χd

αβ (68)

require a wider discussion. The paramagnetic contributions
to the dynamic property is

χ
p
αβ (−ωσ ;ω1) = 1

h̄

∑

P

∑

j �=a

〈
a

∣
∣m̂α

∣
∣ j

〉 〈
j
∣
∣m̂β

∣
∣ a

〉

ω ja − ωσ
, (69)

where
∑

P indicates the sum over permutations of the pairs(
m̂α/− ωσ

)
and

(
m̂β/ω1

)
and ωσ = ω1 ≡ ω. Allowing for

the identity

ω ja

ω2
ja − ω2

= 1

ω ja
+ ω2

ω ja

(
ω2

ja − ω2
) , (70)

Eq. (69) is recast in the equivalent form

χ
p
αβ (−ω;ω) = χ

p
αβ (0; 0)

+ 1

h̄

∑

j �=a

2ω2

ωja(ω
2
ja − ω2)

×� (〈a |mα| j〉 〈
j
∣
∣mβ

∣
∣ a

〉)
. (71)

The diamagnetic contribution to the magnetisability is

χd
αβ =

〈
a

∣
∣
∣χ̂d
αβ

∣
∣
∣ a

〉
, (72)

using the definition of Eq. (36).
From the expression for the Hellmann-Feynman geomet-

rical derivatives of the expectation value (72), see Eq. (783)
of Ref. [35] and from Eqs. (35) and (40)

∇Iαχ
d
βγ = Z I

e

h̄

∑

j �=a

2

ω ja
�

(〈
a

∣
∣
∣Ên

Iα

∣
∣
∣ j

〉 〈
j
∣
∣
∣χ̂d
βγ

∣
∣
∣ a

〉)

= −Z I e
〈〈

Ên
Iα; χ̂d

βγ

〉〉

0
≡ Z I e ρ I d

α,βγ (0; 0). (73)

Using Eq. (54) for the first addendum on the r.h.s. of
Eq. (71), one finds a condition of translational invariance
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for the static magnetisability (see the discussion of Eq. (792)
in Ref. [35]), i.e.,

N∑

I=1

∇Iγ

[
χ

p
αβ(0; 0)+ χd

αβ

]

=
N∑

I=1

Z I e ρ I p
α,βγ (0; 0, 0)+

N∑

I=1

Z I e ρ I d
α,βγ (0; 0) = 0.

(74)

The contribution from the second addendum on the r.h.s.
of Eq. (71) can be expressed via the optical rotatory tensor
in the dipole velocity-angular momentum gauge [35]

κ
′ (P L)
αβ (−ωσ ;ω1)= e

meh̄

∑

P

∑

j �=a

〈
a

∣
∣
∣P̂α

∣
∣
∣ j

〉 〈
j
∣
∣m̂β

∣
∣ a

〉

ω ja
(
ω ja − ωσ

) ,

(75)

where
∑

P means the sum over permutations of the pairs(
P̂α/− ωσ

)
and

(−m̂β/ω1
)

and ωσ = ω1 ≡ ω. The tensor

(75) in the (P L) formalism is identical to that in the dipole
lenght gauge defined in Eq. (26) if off-diagonal hypervirial
relationships are fulfilled [11,35]. By using Eqs. (54), (71),
and (74), one obtains the translational sum rule for the geo-
metrical derivatives of the total dynamic magnetisability (68)

N∑

I=1

∇Iγ

[
χ

p
αβ + χd

αβ

]
= 1

2c
ω

(
κ ′
δβεαδγ + κ ′

δαεβδγ

)
. (76)

The relationship for rotational invariance of the paramag-
netic contribution to the dynamic magnetisability (69) is ar-
rived at via Eq. (65)

N∑

I=1

εαβγ RIβ∇Iγ χ
p
δε = εαβδχ

p
βε + εαβεχ

p
δβ . (77)

Therefore, adding the diamagnetic contribution provided
by the terms (73), and using Eqs. (8) and (61)–(63), Eq. (77)
is rewritten for the total property (68)

N∑

I=1

εαβγ RIβ∇Iγ χδε = εαβδχβε + εαβεχδβ. (78)

Eventually, one can observe that in the relationships for
the origin dependence of the optical rotatory power tensor
and dynamic magnetisability, Eqs. (258) and (260), respec-
tively, of Ref. [11], terms to first order in the origin shift dα
have the opposite sign with respect to the translational sum
rules (56) and (76). In fact, Eqs. (258) and (260) of Ref. [11]
describe a passive transformation, whereas (56) and (76) are
obtained to first order in dα by active transformation via the
translation operator (6).

The procedure based on Eqs. (41) – (45) is easily extended
to geometrical derivatives of response properties of any order.
Therefore, the results obtained for the static hyperpolarisabil-
ities, see Eqs. (752), (753), (757), and (758) of Ref. [35], also
hold for dynamic hyperpolarisabilities (28) and (29).

Owing to the relationships connecting geometrical deriv-
atives of polarisabilities to hypershieldings, Eqs. (43) and

(44), sum rules (55), (56), (66), and (67) are also valid for
φ I
α,βγ and ψ ′I

α,βγ . Analogously, Eq. (78) can be rewritten in
terms of the hypershieldings (33).
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